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Interactive Proofs for Counting Problems

We saw an IP for GNL . o problem in coNP not Known 1o be in P.
But GNI is not believed to be coNP- complete. L I o, PH collapses 1o 2nd level. ]

Today we ptove:
Y

theotem: UNGAT € TP so coNPe IP /" M

Hheorem: #SAT € TP, so P < TP

languages decidable in_ polynomial Fime
Vio. o machine with & #SAT oracle

These resulfs are surprising:

* Many \omavqaqs bc.)/ond NP |

* The IF for GNI uses properties of graph isomorphisms,
but UNSAT ond #SAT do not seem o have Similar properties.

We learn new ideos: ARITHMETizaTion | SuMcHeck PRoTocol .



Preliminaries. Zeros of Univariate Polynomials
Rasic clvqsi-iov\: how mMany 2QFOs  can O uhivariate Ponnomial P have?

IF Fgo 'H\QV\ lO‘\'S'.
Co assvme Hhat po. Tn this case The onswer depends on the degree of p-

N /N

Ex: if p has clagree_)
Hhen P has <) 2¢ros N // S

Ex: if p hs degree 2 v \/ &
Han p hos <2 =eros s S V/ S

TIn general. pefFlxl has ot most deg(p) 2efos i i
(and exactly deglp). zesos in. the a\Szbmic closure of )

This directly leads to an invalvable fact:

deg(f)
IS)

Po|>/nom’\a\ Tdentity Lamma: ¥ non-2ero ¥€ FLx1 ¥f S< ﬂ:/ o(fl-g[ f(o)=0] <
e.

Hence, ¥{qeTlx] it fF#4 then o(grs ()= glo] ¢ Mo {dz?gl)id%(‘d)} .



Preliminaries: Zeros of Multivariate Polynomials

Rasic question: how mony 2eros can o multivariate polynomial p have?

IQ ]730 'H\QV\ lO‘\'S‘.
Co assvme Hhat p#o0. In this case the answer depends on the degree of 2

But. what do we mean. by “degree’ of a polynemial plx,.,.xa)=2 ¢, xE-xin ¢

LILh

* indjvidual desre,e. dQS'md P = mox { mox{ i, in}]| (i in) st Cy_ i #0}.
* tofal degree: deg, (p):= mox { G+ + i | (Lyuin) sk Gy in#0).

EXO\"\P\QS.‘ - P|‘= XiXat XXy +X3 ) ngi'\d(F'): 1 , dQ9+o+(P')=Z
- F)_‘-: X'3+X|XZ+X3XZ., ngmd (Pz_)z 3/ de‘ﬂ+,,+(Pz)=3

In general dQSanch)sdQSh’r(P)‘ n-deg. (p). (Both bounds con be +i3H'-)

The PIL extends to multivariate polynomials (by induction on n):
| gl T s

*  and qseneml'nta’rions .

¥ non-zero §e F[X),.. Xn) VSSIF Pr [ . tn)=0
0(\, ,0(1;(—5 lS,

The bOUﬁd can be 'hg'\'l' P\' [ -":l" (o(\ X)] ||F| o [ -”-' 'o(' ]‘ - (I- "H) l:’l—%‘.l%;l ;7

for distinct ¥,..,% e FF



Arithmetization of a Boolean Formula

A boolean formulo ©(x,..,xn) 1S o Tree where:

- every leaf verfex ig labeled with a variakle x;;

— every infernal vertex is a |03'\ch 0pem‘l‘or on its children.

)
,N\,V

A rithmetization replaces each Iogim\ operator with

an arithmetic  operator: X > I-X
XAy B Xy
Xvy B> Xty

We obtain on expression for o polynomial plx,.,x) st
+ deg,. (P)< # leaves in q,"/\dq% (Xi) =

()(H'Xg) ‘ (Xz' (1-X3))

f degysy (1-p) <. degy,y (p) = Ko Xdaks +Kaa = Xals
< # vy [

# \@s In @ deg,,, (Pi#h) & max { deg,,, (), degh*(]?z)}

= I @ I deg‘bl- (Pl PL) < de‘8+o+ ( P')+ dqﬁﬂﬂ- (PL)

» con evaluate the expression for p in <ol arithmetic operations:

# Infernol vertices in @ < # vertices in 9 = 19|

But What does p have fo do with @ 7 Not much in general.
But for 3CNFs  we get  something useful!

(Also for @ where every. NOT is.on an '\npuf)



Arithmetization of a Boolean Formula [2/2]

conjunctive’ normal form

\l\/e ‘FOCUS on 'H'\Q» CQSQ O( O 3CNF W\'H\ m C‘(XVSQS. 3CNF - wil-k‘)3 literals per clavse
It is specified by a Subset Sé[v\]sx {o,)}3 with |S|=m:

(P()(l,-o-,)(,\) = /\ (neg(b.,x&) \Y V\Qa(bz,X&) v nea(bs,xsg))
Jodo s,
bl,bz;,\:g)CS

Example : S= {(1,34,00,1),0,3504,0),(3451,60} B (X vXvXu)A (X, vXavXs)A (X3 v XavXs) |

a4

Tn this case the expression for the polynomiol s :

P(x\,...,xn) = (JEE&’ (neg(b.,)(;\,) + neg (bz,st) -+ "63(53.7(33))
b, be,bs)€S

C\Q‘M ¢ (P < UNSAT ~ Q‘%ne {o,1} P(Ql,...,an) =0

+ ¢ & UNSAT — 0< 2_ pla,.,an) € 2-3"
os\,...,Gv\e {0,‘]

coro\\oc7= ¥ prime Cf > 2" 3"

€ UNSAT &= L.Qp) = d
P a‘gnemp(a,,a) o med g



Sumcheck Protocol [recursive description]

A protocol for polynomial summations of +he form 2 HP("»M,"(a):Y.

X ..., HnE
dea. (p)<d
J %md P
P(HZ,H,r\,X,p) \/*(F Hn,¥,d)
Case n=o: Do no+hin3, Check that p=Y.

Case nvo: p,(X) = > ?(X,.,%0) f.eff[x]> > p )iy

°(L,...,°('\€ H &\ €H

cweff  aef

Sd‘ P‘ ()(L/.../Xn) = P(N\, x:.,...,)(v\) Qnd b"r= Pl (WI).

PUF M 1, 0 (2 fl k)= VP (R0, d)

il n=o + =Y
Completeness: 5= (K., k) =Y {lf n=0 then p
ol ofh "

if n>o then > P'(v(,,...,o(,\)
;2o

Note : V' queries p &t (W, @) (and makes no other queries).

2 Plw, &, Kn) = pilw)=¥'

D(z,...,«,\



Sumcheck Protocol [iterative description]

By “unrolling" the recursion we obtain an iterative description of the protocol.

2
F(W/H,",Y/P) «',gneHP(p("""”(“)-y \/P(F/H/"/B’/i\) deg;,4(p)<d
ind P/ <
- X 5y .., % €[f[x] (o) 2

p(x) "E,:.,.,o(.\ePH( o) i > %HP =

<& m,eﬂ: Q.é‘ﬁ:
(WX o) REFDD 2 Pl plow)

p.X o(zo,o(ne\il Xt ) > e P

A i ARy

Pa(X) = plo, .., Wha, X) Pae FLD ZH Pu (%) 2 P (000

o« C

 Unef wye

v (60 t0n) = Pal W)
Ofd) Pt 2R
elements -\ —~ —

O(n+HI-d) field ops + 1 eval of p



Soundness of Sumcheck Protocol [1/2]

claim: > P(du,...,o(n)#?f — Vi‘\)’ Pr[<'f",VF F H hb’d ‘]< |- ("ﬁ <

oly,..,. %n€H 'y

IIFI

More generally the bound is 1—.T¢ ('“\'s'l) i deg, (pledi ond  wi is sampled from S;cF.

1€[n)

proof: The maliciovs prover P is described by n Polynomicx\s fb‘.’,.../'ﬁ,,e H'_s [x]
where  Pi depends on the verifier messages wi,.., Wi € FF.

The proek is by induction on n.

+ Base case: n=1. We show that Pr[(?,VP(TF,H,hﬂ,Xd ‘]\ | - (l‘m) -

P(F, Hn=15, p) ngwivf VE(FH w1 ¥ d)
p,(X) = plx) PEF. > iy

7 «\eH
coneff AR

P(w.)zp,(w.)

Assume that > Pi(a)=¥, since otherwise the verifier immediately rejects.

d.eH

Hence §i # pi because 2_pild)=3 pla)+ 7.

«\eH

We conclude Hhat Pr[( P,v" FH,n=1,5d)) ‘]’-‘Pr[P(W\)=F1(W|)]=Pr[P.Wu)"ﬁ(%)]<‘%.



Soundness of Sumcheck Protocol

. ol [+ n d
claim: EMH plo,. ) ¥ — ¥ F B[< P,VF(rF,H,n,zr,d)>=\]s -(1-4q) < %.

Eroo£ : [ continved]

- Induchive case: n>1. Assume the claim for (n-)-variate polynomials.

We con assume that 2 pil)=¥ since otherwise the verifier immediately rejectc.

Hence because 2_ plol)= 3 play.dn)+ ¥.
Po# P oaeHP ) o(\,...,o(nEH )

De‘?ine_ E) :=#F,(U|)4’ 2_ - F(W\,O(z,.../o(n)“ .

(U 4N

Then F[&]) = Fe[ filw) plw)] (-2

|Fl°

Define E, =" the verifier rejects in round 122

By the inducHon hyfoH\QsiS, fr[EdEl] 2 (",f,l:—,)n-‘.

We conclude that _Pr[<"3,VP(|F H n b’d)7=l]

17717

= |I-PBlg]
¢ 1= PrLELlE ) Pr[E)]

- n
R (S L (o A (e

12/2]

10



Interactive Proof for UNSAT

We describe an IP for UVSAT ={9 | ¢ is an unsatisfioble 3¢wF boolean Sormula }.
This implies that coNP< IP (by reducing to UNSAT via polynomial-time reductions).

P(e) V(p)
N, 23"« o Py
qé€ PRIMES
p = ARiTH (9, ) p = ARITH (0, F3)

Pse ( ﬂ:c\,{oz'l, n,o, |>) sumcheck protocel for Vee ﬂ:q,{O,'l, n,o, degim,(p))

yi(’,\d domain  #vars Sum Po\\/r\omiql
Z P(“‘r"ﬁ(n) =0
o(\, s °('\€ {ol |}

?ie\d domoin #vars Sym  ind c\eﬁree_

v . 4
(W\,...,wn)e “'-q q P(wl,...,wn)eﬁ
poly (mn)
Hme

Completeness: O € UNSAT - Zd P, on)=0—=> P always convinces V.

‘/“0, A

Soundness: @ ¢ UNGAT > 2 plet. )40 €rtor s < n-degind (P ¢ n-degst(P) ¢ n-m nm
e 1 ? Q@ 23

11



Arithmetization for #SAT

The arithmetization we used {or UNSAT wos Coorse :

¥ (a,.,an) €013 @la,..,a0)=0
(P(Ou,.../ Gn)

—> P(Q'/“’/a'\):o

"

| —  o<play,. 6 <3

We can modity the arithmetfization 10 be more precise:

aAX = |-X
XAy b2 Xy
Xvy B> Xty-X.y

Simila\'\y to before: deg, (p)<lgl and can evalvate p in <Ollpl) ~operations.

But now the value df p on boolean inpots is o : |
caim: ¥ (ay.,an e}’ ol(a,.,an)=0 — pla,.,an)=0 ree
low—clegree extension
oloy,.,an)=1 —  play,..,an)=I

ol P becavse P| w}.\écp
We can now reduce #SAT 1o o sumcheck problem:

corollou-'y: V prime q>z“ #¥0=c < P(a\ On)=C modc'

A\ |\€ Ol

12



Interactive Proof for #SAT

We describe an IP for #SAT= (9,0 © is a boolean Sormula with ¢ Sotisfiable stignmen’rs},

P(9,c)) V((9,c))
N 2 <9< Py
q€ PRIMES
B o ARiT\-\*((P, ‘Fcl) p = ARiT\-\*(CP, EFq)

se H:q,{of'l, n,c, p) sumcheck protocel tfor Vse ( ﬂ:q,{O,'l, n,c, deSir\d(P))

Qie\d domain #vars Sum Fol\/v\omiql
S plesh) = c
L OBy h € {01 'X

fie\d domain #vars sum  ind c\eﬁree_

v \ 4
(Wy,..,Wn) E IFQ ‘\6 P (Nl,...,Wn)e ’E'
Poly(m,n)
Hime

Completeness: (©,c)e #SAT— d‘Zd'\P(a(\,.../o(,\)Z‘C -» P always convinces V.

Soundness: (0, c) ¢ 4SAT - dZd P, o)t C > error is ¢ N-AGind(PY ¢ n-degih (P ¢ n-3m  nam
(. 9 9 Q 2
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Interactive Proof for P#P

theorem: P#PS TP

proo£: [et L€ P#P , and let M be o machine +hoat decides L with o #SAT orocle
We describe an IP for L.

P(x) JR. V(x)
C=49_x Simvlate M(x) ond ask
) | the prover for help for
] I:¢?ior : omswe\—inca #SAT orocle queries.

Completeness:  xe [ » B [<P(x),V(x)>=1]=1 because : M ()= ; Px) answers correctly

eoch #SAT call - and the IP for #SAT has perfect completeness,

Soundness: x| - ¥ B B [<PVx)2=] <& where € = “soundess error of the TP for #SAT .
Tndeed M*M () =0 so +he only Way for M)=1 in the Simvlation is that there s
0 #SAT query that P lies on, in which coe we tely on Hhe soondness of the TP for 44T W

14



History of Arithmetization

Arithmetization loosely refers to useful ways to map o},2 — NGQF

problems in boolean logic to problems that invelve arithmetic. logical eps — arithmefic ops

- [Godel 1931]: encode o string (Qy,.,Gn)€Z" as o humber Pf"wp,?"‘eN (PKiMES={p,pL,...})
This  Godel numbering - enables es‘ral:lishins the incompleteness of formal arithmetic.

+ [Chorch 193]+ yses 7 fo prove that & specific problem in number theoty is undecidable
(Sobsec'uen’rly, Toting showed how 1o do this via Turing machines . )

= Convenient injection from strings to natural numbers.

- [ Razborov 1987 ][ Smelensky 1987]: mop boolean circuit to a low-degree polynomial approximation

This enables proving circvit complexity lower bounds . (E.g. PARITY € AC, .)

’L_Pgly(p)—sitg O(1)-depth
=» Polynomials of low degree cannot describe certain Lonctions.  creits vithan fai

* LLund Fortnow Karloff Nisan 192]: PERMANENT€IP by viewing the computation
of the permanent 0s a sumcheck claim

efficient encoding/decoding
: . . . . multiplication property
+ [ Shamir 1392]: more boolean |03|(‘. - polynomial asithmefic fich ovtomorphism group
. el s . local testing /decoding/ correcti
+ .. hvge role in the probabilistic proof literature SEs

= Polynomials of low degree are codes with MANY useful properties.

15



Bonus: Sumcheck Protocol as a Reduction

from o polynomial Summcxﬁon) .

he sumcheck protocol can be phrased as a l’edud'ion( o o single evaluation

{,(.Z,( eHP(d""" “)=%¥ — B[ pwr,.,wn)=v where ((w,..,w)v)— <P(IFH N ¥,p),V( F,H,n,¥ d )7] = |
x.z...:« eHP(d"""c(") +¥ — Y¥P Pr[ P(w.,...,wn)=v where - ((w,.., o) v) < <§,V( TF,H,h,b’,d)7] $h- (“%)ﬂ

PR H,m Y, P) (2 plesdtY VI Ry, d) Joad

=2 P Xk, ) f.elﬂx]> > iy

.., %€ H \eH

p,(X) :

el aef

> p ()L plw,)
Pl(x} ::o(gz... D(“QPH(W.,X,o(g,,,,,.,(,‘) fa € ﬂ‘[xL «zeHP piw

el AR

Pﬂ (X) = F ( W, - (A)n—\/X) Pne fF[X]) ZH P" (0(,,);’: P,,,-,(Nq_l)

%, €

/‘  UneF ARy
We ‘use this perspective throughout the course. Output ((cu.,..., wn), pa( wa))

16
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